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STUDYING COMPLEX MANIFOLDS BY USING GROUPS Gkn AND Γ
k
n
VASSILY OLEGOVICH MANTUROV AND ZHEYAN WAN
Abstract. In the present paper, we study several complex manifolds by using the fol-
lowing idea. First, we construct a certain moduli space and study the fundamental group
of this space. This fundamental group is naturally mapped to the groups Gkn and Γ
k
n.
This is the step towards “complexification” of the Gkn and Γ
k
n approach first developed
in [3].
1. Introduction
In 2015, the first named author [5] defined a 2-parameter family of groups Gkn for natural
numbers n > k. Those groups may be regarded as a certain generalization of braid groups.
Study of the connection between the groups Gkn and dynamical systems led to the discovery
of the following fundamental principle:
“If dynamical systems describing the motion of n particles possess a nice codimension
one property governed by exactly k particles, then these dynamical systems admit a topo-
logical invariant valued in Gkn”.
Later the first named author and his colleagues [1, 4] introduced and studied the second
family of groups, denoted by Γkn (n ≥ k ≥ 4), which are closely related to triangulations of
manifolds. Here the vertices of the triangulation play the role of particles and generators
correspond to flips of the triangulation changing its combinatorics.
The nice codimension one property for developing the Γkn theory is:
“k points of the configuration lie on a sphere of dimension k−3 and there are no points
inside the sphere”.
The main idea behind the Gkn and Γ
k
n approach is that in order to study fundamen-
tal groups of a certain moduli space, we create some natural “walls” (codimension one
sets) which correspond to generators, with codimension two sets (intersections of walls)
corresponding to the relations. This approach was successfully applied in [3] for studying
manifolds, dynamics, and invariants.
The main difference between Gkn and Γ
k
n approach is the construction of walls: in the
case of Γkn the walls are chosen according to some local condition. For example, when we
study points in R2, the map to G4n deals with quadruples of points belonging to the same
circle (or line), whence Γ4n deals with quadruples of neighbouring points belonging to the
same circle.
2. Basic definitions
First, we recall the definition of the groups Gkn given in [5].
Consider the following
(
n
k
)
generators am where m runs the set of all unordered k-tuples
m1, . . . ,mk, whereas each mi are pairwise distinct numbers from {1, . . . , n}.
For each unordered (k+1)-tuple U of distinct indices u1, . . . , uk+1 ∈ {1, . . . , n}, consider
the k + 1 sets mj = U \ {uj}, j = 1, . . . , k + 1. With U , we associate the relation
am1 · · · amk+1 = amk+1 · · · am1 .(2.1)
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For two tuples U and U¯ , which differ by order reversal, we get the same relation.
Thus, we totally have
(k+1)!( nk+1)
2 relations. We shall call them the tetrahedron relations.
For k-tuples m,m′ with Card(m∩m′) < k− 1, consider the far commutativity relation:
amam′ = am′am.(2.2)
Note that the far commutativity relation can occur only if n > k + 1.
Besides that, for all multiindices m, we write down the following relation
a2m = 1.(2.3)
Definition 2.1. The k-free braid group Gkn is defined as the quotient group of the free
group generated by all am for all multiindices m by relations (2.1), (2.2) and (2.3).
The n-strand planar braid group Bn(R
2) is generated by σ1, . . . , σn−1 and is defined by
the relations
σiσi+1σi = σi+1σiσi+1, i = 1, 2, . . . , n− 2,
σiσj = σjσi, |i− j| > 1.
There is a homomorphism from Bn(R
2) to the symmetric group Sn, which sends σi to
the transposition (i, i + 1). Its kernel is the n-strand planar pure braid group PBn(R
2).
This group is generated by bij , 1 ≤ i < j ≤ n, where
bi,i+1 = σ
2
i ,
bij = σj−1σj−2 · · · σi+1σ2i σ
−1
i+1 · · · σ
−1
j−2σ
−1
j−1, i+ 1 < j ≤ n.
For each different indices i, j, 1 ≤ i, j ≤ n, we consider the element ci,j in the group G
3
n
to be the product
ci,j =
n∏
k=j+1
ai,j,k
j−1∏
k=1
ai,j,k.
The following two propositions (2.2 and 2.3) are based on the two nice codimension one
properties: three points are collinear and four points belong to the same circle/line.
The map from the pure braid group PBn to G
3
n, G
4
n is obtained by studying a generic
braid and writing down the generators aijk (respectively, aijkl) where indices correspond
to the numbers of points which correspond to the codimension 1 condition.
Proposition 2.2 (Proposition 3 of [3]). The map
bi,j 7→ c
−1
i,i+1 · · · c
−1
i,j−1c
2
i,jci,j−1 · · · ci,i+1, i < j,
defines a homomorphism φn : PBn(R
2)→ G3n.
Let a{i,j,k,l}, 1 ≤ i, j, k, l ≤ n, be the generators of the group G4n, n > 4.
Let 1 ≤ i < j ≤ n. Consider the elements
cIij =
j−1∏
p=2
p−1∏
q=1
a{i,j,p,q},(2.4)
cIIij =
j−1∏
p=1
n−j∏
q=1
a{i,j−p,j,j+q},(2.5)
cIIIij =
n−j+1∏
p=1
n−p+1∏
q=0
a{i,j,n−p,n−q},(2.6)
cij = c
II
ij c
I
ijc
III
ij .(2.7)
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Proposition 2.3 (Proposition 4 of [3]). The map
bi,j 7→ ci,i+1 · · · ci,j−1c2i,jc
−1
i,j−1 · · · c
−1
i,i+1, i < j,
defines a homomorphism ψn : PBn(R
2)→ G4n.
Next, we recall the definition of the groups Γkn given in [1, 4].
Definition 2.4. Let 4 ≤ k ≤ n. The group Γkn is the group with generators
aP,Q, P,Q ⊂ {1, . . . , n}, P ∩Q = ∅, |P ∪Q| = k, |P |, |Q| ≥ 2
and the relations:
(1) aQ,P = a
−1
P,Q;
(2) far commutativity : aP,QaP ′,Q′ = aP ′,Q′aP,Q for each generators aP,Q, aP ′,Q′ such
that
|P ∩ (P ′ ∪Q′)| < |P |, |Q ∩ (P ′ ∪Q′)| < |Q|,
|P ′ ∩ |P ∪Q)| < |P ′|, |Q′ ∩ |P ∪Q)| < |Q′|;
(3) (k+1)-gon relations: for any standard Gale diagram (see [1] for the definition) Y¯
of order k + 1 and any subset M = {m1, . . . ,mk+1} ⊂ {1, . . . , n},
k+1∏
i=1
aMR(Y¯ ,i),ML(Y¯ ,i) = 1,
where MR(Y¯ , i) = {mj}j∈RY¯ (i), ML(Y¯ , i) = {mj}j∈LY¯ (i).
In particular,
Definition 2.5. The group Γ4n is the group generated by
{d(ijkl) | {i, j, k, l} ⊂ {1, . . . , n}, |{i, j, k, l}| = 4}
subject to the following relations:
(1) d2(ijkl) = 1 for {i, j, k, l} ⊂ {1, . . . , n},
(2) d(ijkl)d(stuv) = d(stuv)d(ijkl) for |{i, j, k, l} ∩ {s, t, u, v}| < 3.
(3) d(ijkl)d(ijlm)d(jklm)d(ijkm)d(iklm) = 1 for distinct i, j, k, l,m.
(4) d(ijkl) = d(kjil) = d(ilkj) = d(klij) = d(jkli) = d(jilk) = d(lkji) = d(lijk) for distinct
i, j, k, l.
Let us denote
d{p,q,(r,s)s} =


d(pqrs) if p < q < s,
d(prsq) if p < s < q,
d(rspq) if s < p < q,
d(qprs) if q < p < s,
d(qrsp) if q < s < p,
d(rsqp) if s < q < p.
Let us denote k ∈ {p, q, r} such that min{p, q, r} < k < max{p, q, r} by mid{p, q, r}.
Let us define γ{p,q,(i,j)j} as follows: If min{p, q, j} < i < mid{p, q, j} or i > max{p, q, j},
then
γ{p,q,(i,j)j}
=
{
d{p,q,(i,j)j}, if min{p, q, j} −mid{p, q, j} +max{p, q, j} − 2 = 0,
1, if min{p, q, j} −mid{p, q, j} +max{p, q, j} − 2 6= 0.
(2.8)
If i < min{p, q, j} or mid{p, q, j} < i < max{p, q, j}, then
γ{p,q,(i,j)j}
=
{
d{p,q,(i,j)j}, if min{p, q, j} −mid{p, q, j} +max{p, q, j} − 2 = 1,
1, if min{p, q, j} −mid{p, q, j} +max{p, q, j} − 2 6= 1.
(2.9)
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Let bij ∈ PBn(R
2), 1 ≤ i < j ≤ n, be a generator. Consider the elements
∆Ii,(i,j) =
j−1∏
p=2
p−1∏
q=1
γ{p,q,(i,j)j},
∆IIi,(i,j) =
j−1∏
p=1
n−j∏
q=1
γ{(j−p),(j+q),(i,j)j},
∆IIIi,(i,j) =
n−j−1∏
p=1
p−1∏
q=0
γ{(n−p),(n−q),(i,j)j},
∆i,(i,j) = ∆
II
i,(i,j)∆
I
i,(i,j)∆
III
i,(i,j).
Now we define ξn : PBn(R
2)→ Γ4n by
ξn(bij) = ∆i,(i,(i+1)) · · ·∆i,(i,(j−1))∆i,(i,j)∆i,(j,i)∆−1i,((j−1),i) · · ·∆
−1
i,((i+1),i),
for 1 ≤ i < j ≤ n.
Theorem 2.6 (Theorem 20 of [3]). The map ξn : PBn(R
2)→ Γ4n, which is defined above,
is a homomorphism.
The essence of Theorem 2.6 is as follows. We consider points on R2 as vertices of the
triangulation, where three points form a triangle if and only if their circumscribed circle
contains no other point.
The generators of the group Γ4n correspond to those situations where the combinatorial
structure of the triangulation changes: four points belong to the same circle whose interior
contains no other point.
Here d(ijkl) corresponds to the quadrilateral where i and k are opposite and j and l are
opposite.
Remark 2.7. Note that Theorem 2.6 holds with minor modifications for pure braid groups
on any 2-surfaces, especially for spherical pure braid group.
The n-strand spherical braid group Bn(S
2) is generated by σ1, . . . , σn−1 and is defined
by the relations
σiσi+1σi = σi+1σiσi+1, i = 1, 2, . . . , n− 2,
σiσj = σjσi, |i− j| > 1,
(σ1 · · · σn−1)n = 1.
There is a homomorphism from Bn(S
2) to the symmetric group Sn, which sends σi to
the transposition (i, i+1). Its kernel is the n-strand spherical pure braid group PBn(S
2).
This group is generated by bij , 1 ≤ i < j ≤ n, where
bi,i+1 = σ
2
i ,
bij = σj−1σj−2 · · · σi+1σ2i σ
−1
i+1 · · · σ
−1
j−2σ
−1
j−1, i+ 1 < j ≤ n.
Remark 2.8. The maps PBn → G
3
n,Γ
4
n constructed in [3] take the “rotation” element
(σ1 · · · σn−1)n to 1, thus being maps from the spherical braid group. This is because if we
rotate all points without any three being collinear about the origin, no three of them will
become collinear after the rotation.
STUDYING COMPLEX MANIFOLDS BY USING GROUPS Gkn AND Γ
k
n 5
3. Curves in CP2 of genus g ≥ 0
Any homogeneous polynomial equation of degree d defines a curve in CP2 of genus
(d−1)(d−2)
2 [6]. For genus g ≥ 1, there is only one positive d =
3+
√
8g+1
2 such that
(d−1)(d−2)
2 = g, so by Be´zout theorem, the number of intersection points between two
curves of genus g is the fixed number d2 = (3+
√
8g+1
2 )
2 in this case. For example, if g = 1,
then d = 3; if g = 3, then d = 4; if g = 6, then d = 5, and so on. While for genus g = 0,
the degree of the curve can be d = 1 or d = 2. Again by Be´zout theorem, the number
of intersection points between two curves of genus zero with the same degree is the fixed
number 1 for d = 1 or 4 for d = 2. While the number of intersection points between two
curves of genus zero with different degrees is the fixed number 2. This fact enables us to
develop the Gkn and Γ
k
n theory.
Recall that our principle for Gkn theory is:
“If dynamical systems describing the motion of n particles possess a nice codimension
one property governed by exactly k particles, then these dynamical systems admit a topo-
logical invariant valued in Gkn”.
While the nice codimension one property for Γkn theory is:
“k points of the configuration lie on a sphere of dimension k−3 and there are no points
inside the sphere”.
In the following sections, the particles will be submanifolds of a complex manifold, such
as CP2, CPm and CP1 × CP1. We will prove that there are homomorphisms from the
fundamental group of the moduli space of n particles to the groups Gkn and Γ
k
n though we
will not specify the nice codimension one property.
4. Main theorems for CP1 in CP2 with degree 1
Note that Σ0 = CP
1. In this section, we assume that all CP1 in CP2 have degree 1.
Consider n distinct copies of CP1 in CP2. Since
CP
2 = {[x0 : x1 : x2] | (x0, x1, x2) ∈ C
3 \ {0}},
each CP1 can be defined by the equation a0,ix0+a1,ix1+a2,ix2 = 0 where (a0,i, a1,i, a2,i) ∈
C
3 \ {0}. So each CP1 corresponds to a point [a0,i : a1,i : a2,i] in CP
2 and any other CP1
correspond to other points in CP2.
The intersection of each two distinct CP1 is a point since the linear space of the solutions
of the linear equations {
a0,ix0 + a1,ix1 + a2,ix2 = 0
a0,jx0 + a1,jx1 + a2,jx2 = 0
(4.1)
is of complex dimension 1 since the rank of the matrix
(
a0,i a1,i a2,i
a0,j a1,j a2,j
)
is 2 because
[a0,i : a1,i : a2,i] 6= [a0,j : a1,j : a2,j].
Definition 4.1. The moduli space M1n is the restricted configuration space of n ordered
distinct CP1 in CP2 such that there is no three CP1 which have exactly one common
intersection point.
Given n ordered distinct CP1 in CP2 such that there is no three CP1 which have exactly
one common intersection point. Denote them by CP1i for 1 ≤ i ≤ n. For each CP
1
i , there
are n − 1 intersection points with other CP1j (i 6= j). Since there is no three CP
1 which
have exactly one common intersection point, the n − 1 intersection points are pairwise
distinct. So we get n − 1 distinct points in CP1 = S2, removing one of them gives an R2
and other n− 2 points lie on this R2.
Hence we get continuous maps f1n,i from the moduli space M
1
n to the configuration
space of n − 1 ordered distinct points in S2 and other continuous maps f1n,i,j from the
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moduli space M1n to the configuration space of n− 2 ordered distinct points in R
2. These
continuous maps induce homomorphisms d1n,i,j from pi1(M
1
n) to the n − 2 strand planar
pure braid group and homomorphisms d1n,i from pi1(M
1
n) to the n−1 strand spherical pure
braid group.
There is a homomorphism ψn−2 from the n− 2 strand planar pure braid group to G4n−2
(Proposition 2.3).
There are homomorphisms φn−1 from the n − 1 strand spherical pure braid group to
G3n−1 and ξn−1 from the n− 1 strand spherical pure braid group to Γ
4
n−1 (Proposition 2.2,
Theorem 2.6 and Remark 2.8).
Thus we have the following theorem:
Theorem 4.2. There is a sequence of homomorphisms:
pi1(M
1
n)
PBn−1(S2)
PBn−2(R2)
G3n−1,
Γ4n−1,
G4n−2.
d1n,i
d1n,i,j
φn−1
ξn−1
ψn−2
Here 1 ≤ i, j ≤ n, i 6= j.
5. Main theorems for CP1 in CP2 with degree 2
Note that Σ0 = CP
1. In this section, we assume that all CP1 in CP2 have degree 2.
Consider n distinct copies of CP1 in CP2 with degree 2. Denote them by CP1i for
1 ≤ i ≤ n. Since any two distinct copies of CP1 in CP2 with degree 2 have exactly 4
intersection points (see Section 3), for each CP1i , there are 4(n − 1) intersection points
with other CP1j (i 6= j).
Consider the moduli spaceM′n of n distinct copies of CP
1 in CP2 with degree 2. For each
1 ≤ i ≤ n, there is a continuous map f ′n,i fromM
′
n to the configuration space C(0, 4(n−1))
of 4(n − 1) points on CP1i . These continuous maps induce homomorphisms d
′
n,i from
pi1(M
′
n) to pi1(C(0, 4(n − 1))). Since there is a homomorphism from pi1(C(0, 4(n − 1)))
to PB4(n−1)(S2), by Proposition 2.2, Theorem 2.6 and Remark 2.8, we have the following
theorem:
Theorem 5.1. There is a sequence of homomorphisms:
pi1(M
′
n) pi1(C(0, 4(n − 1))) PB4(n−1)(S
2)
G34(n−1),
Γ44(n−1).
d′n,i
φ4(n−1)
ξ4(n−1)
Here 1 ≤ i ≤ n.
6. Main theorems for Σg in CP
2 for g ≥ 1
Consider n distinct copies of Σg in CP
2 for g ≥ 1. Denote them by Σg,i for 1 ≤ i ≤ n.
Since any two distinct copies of Σg in CP
2 for g ≥ 1 have exactly d2 = (3+
√
8g+1
2 )
2
intersection points (see Section 3), for each Σg,i, there are d
2(n − 1) intersection points
with other Σg,j (i 6= j).
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Consider the moduli spaceMg,n of n distinct copies of Σg in CP
2 for g ≥ 1. For each 1 ≤
i ≤ n, there is a continuous map fg,n,i fromMg,n to the configuration space C(g, d
2(n−1))
of d2(n − 1) points on Σg,i. These continuous maps induce homomorphisms dg,n,i from
pi1(Mg,n) to pi1(C(g, d
2(n− 1))). Since there is a homomorphism from pi1(C(g, d
2(n− 1)))
to PBd2(n−1)(Σg), by Theorem 2.6 and Remark 2.7, we have the following theorem:
Theorem 6.1. There is a sequence of homomorphisms:
pi1(Mg,n) pi1(C(g, d
2(n − 1))) PBd2(n−1)(Σg) Γ4d2(n−1).
dg,n,i ξd2(n−1)
Here 1 ≤ i ≤ n.
7. Main theorems for CPm in CPm+1 with degree 1
In this section, we assume that all CPm in CPm+1 have degree 1, namely they are defined
by linear equations.
Consider n distinct copies of CPm in CPm+1. Since
CP
m+1 = {[x0 : x1 : · · · : xm+1] | (x0, x1, . . . , xm+1) ∈ C
m+2 \ {0}},
each CPm can be defined by the equation a0,ix0 + a1,ix1 + · · · + am+1,ixm+1 = 0 where
(a0,i, a1,i, . . . , am+1,i) ∈ C
m+2 \ {0}. So each CPm corresponds to a point [a0,i : a1,i : · · · :
am+1,i] in CP
m+1 and any other CPm correspond to other points in CPm+1.
The intersection of each two distinct CPm is a CPm−1 since the linear space of the
solutions of the linear equations{
a0,ix0 + a1,ix1 + · · ·+ am+1,ixm+1 = 0
a0,jx0 + a1,jx1 + · · ·+ am+1,jxm+1 = 0
(7.1)
is of complex dimension m since the rank of the matrix
(
a0,i a1,i · · · am+1,i
a0,j a1,j · · · am+1,j
)
is 2
because [a0,i : a1,i : · · · : am+1,i] 6= [a0,j : a1,j : · · · : am+1,j ].
Definition 7.1. The moduli space Mmn is the restricted configuration space of n ordered
distinct CPm in CPm+1 such that any m+ 2 CPm are in general position. Namely, there
are no three CPm which have exactly one common intersection CPm−1, there are no four
CP
m which have exactly one common intersection CPm−2, . . . , and there are no m + 2
CP
m which have exactly one common intersection point.
Remark 7.2. By the projective duality, n distinct copies of CPm in CPm+1 are in one-
to-one correspondence with n distinct points in CPm+1. Any m + 2 CPm are in general
position if and only if the corresponding m+ 2 points are in general condition.
Given n ordered distinct CPm in CPm+1 in Mmn . Denote them by CP
m
i for 1 ≤ i ≤ n.
For each CPmi , there are n − 1 intersections CP
m−1 with other CPmj (i 6= j). Since there
are no three CPm whose intersection is the same CPm−1, the n−1 intersection CPm−1 are
pairwise distinct. So we get n− 1 distinct copies of CPm−1 in CPm. Note that the n− 1
ordered distinct CPm−1 in CPm are actually in Mm−1n−1 since there are no four CP
m whose
intersection is the same CPm−2, . . . , and there are no m + 2 CPm which have exactly
one common intersection point imply that there are no three CPm−1 whose intersection
is the same CPm−2, . . . , and there are no m+ 1 CPm−1 which have exactly one common
intersection point.
Hence we get continuous maps fmn,i from the moduli space M
m
n to the moduli space
Mm−1n−1 . These continuous maps induce homomorphisms d
m
n,i from pi1(M
m
n ) to pi1(M
m−1
n−1 ).
Thus by Theorem 4.2, we have the following theorem:
Theorem 7.3. There is a sequence of homomorphisms:
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pi1(M
m
n )
pi1(M
m−1
n−1 )
...
pi1(M
1
n−m+1)
PBn−m(S2) PBn−m−1(R2)
G3n−m, Γ4n−m, G4n−m−1.
dm
n,i(n)
dm−1
n−1,i(n−1)
d2
n−m+2,i(n−m+2)
d1
n−m+1,i(n−m+1) d
1
n−m+1,i(n−m+1),j(n−m+1)
φn−m ξn−m ψn−m−1
Here 1 ≤ i(k), j(k) ≤ k, i(k) 6= j(k) for n−m+ 1 ≤ k ≤ n.
8. Another complex manifold of complex dimension 2
The groups Gkn and Γ
k
n admit nice “induced actions”: if some manifold M is embedded
into RN (or RPN ), any dynamics of points in M can be considered as that in RN (or
RP
N ) [2]. Hence one can define the corresponding maps from (restricted) configuration
spaces to Gkn for good n, k. However this heavily depends on the embedding and is not a
homotopy/topology invariant. However, if we deal with algebraic varieties, they usually
appear with embeddings into the corresponding projective space; hence we can consider
the complex Gkn (or Γ
k
n) theory for algebraic varieties. Below, we give the example of
CP
1 ×CP1 and the Segre embedding.
Consider the Segre embedding: CP1 × CP1 → CP3 defined by ([x0 : x1], [y0 : y1])
f
−→
[x0y0 : x0y1 : x1y0 : x1y1]. The image of the Segre embedding is exactly W = {[X0 : X1 :
X2 : X3] ∈ CP
3 | X0X3 = X1X2}. In fact, we can define a map g : W → CP
1 × CP1
such that fg = id and gf = id. The map g is defined as follows: If X0 6= 0, then we
define g([X0 : X1 : X2 : X3]) = ([X0 : X2], [X0 : X1]). If X0 = 0, since X0X3 = X1X2, we
have X1 = 0 or X2 = 0. So we have the following three cases: If X0 = 0, X1 = 0, and
X2 6= 0, then we define g([X0 : X1 : X2 : X3]) = ([X0 : X2], [X2 : X3]). If X0 = 0, X1 6= 0,
and X2 = 0, then we define g([X0 : X1 : X2 : X3]) = ([X1 : X3], [X0 : X1]). If X0 = 0,
X1 = X2 = 0, then X3 6= 0, and we define g([X0 : X1 : X2 : X3]) = ([X1 : X3], [X2 : X3]).
Consider n distinct copies of CP2 in CP3 with degree 1 and the intersection of each CP2
with W .
For any subset X of CP3, we define
X⊥ := {[a0 : a1 : a2 : a3] ∈ CP3 | a0X0 + a1X1 + a2X2 + a3X3 = 0,
∀[X0 : X1 : X2 : X3] ∈ X}.(8.1)
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Notice that X⊥ ∩ Y ⊥ = (X ∪ Y )⊥. Let 〈X〉 denote the projective subspace generated by
X, then X⊥ = 〈X〉⊥. For a projective subspace X, X⊥ is the projective dual of X.
Lemma 8.1. For any 1-dimensional projective subspace X of CP3, X⊥ ⊆ W implies
X ⊆W .
Proof. Since the projective dual of 1-dimensional projective subspace is also a 1-dimensional
projective subspace and X = (X⊥)⊥ for any projective subspace X, we need only to prove
that for any 1-dimensional projective subspace X of CP3, X ⊆W implies X⊥ ⊆W . Since
X = P(V ) for some 2-dimensional vector subspace V of C4, we identify C4 with the ring
M2(C) of 2× 2 matrices over C. Namely we identify the vector (X0,X1,X2,X3) with the
matrix
(
X0 X1
X2 X3
)
, then [X0 : X1 : X2 : X3] ∈ W if and only if det
(
X0 X1
X2 X3
)
= 0,
and X0Y0 +X1Y1 +X2Y2 +X3Y3 = 0 if and only if Tr(
(
X0 X1
X2 X3
)(
Y0 Y1
Y2 Y3
)T
) = 0.
If X ⊆ W , then the 2-dimensional vector subspace V of M2(C) consists of the matrices
with determinant zero, thus V is congruent to {
(
a 0
b 0
)
| a, b ∈ C}. By direct compu-
tation, we have X⊥ = P(U) for some 2-dimensional vector subspace U of M2(C) which is
congruent to {
(
0 0
c d
)
| c, d ∈ C}, so U consists of the matrices with determinant zero,
thus X⊥ ⊆W . 
Let the CP2 in CP3 with degree 1 be defined by the linear equation
a0X0 + a1X1 + a2X2 + a3X3 = 0(8.2)
and denote it by CP2[a0:a1:a2:a3].
Consider two distinct copies of CP2 in CP3 with degree 1 which are CP2[a0:a1:a2:a3] and
CP
2
[b0:b1:b2:b3]
respectively. Let A = {[a0 : a1 : a2 : a3]} and B = {[b0 : b1 : b2 : b3]}, then
the two distinct copies of CP2 are A⊥ and B⊥ respectively. If A⊥ ∩B⊥ = (A∪B)⊥ ⊆W ,
then by the above Lemma, we have 〈A∪B〉 ⊆W . So if the projective subspace generated
by [a0 : a1 : a2 : a3] and [b0 : b1 : b2 : b3] is not contained in W , then the intersection of the
two distinct copies of CP2 is not contained in W , thus the number of intersection points
of the two distinct copies of CP2 and W is the fixed number 2 by Be´zout theorem.
Consider n distinct copies of CP2 in CP3 with degree 1. Denote them by CP2i for
1 ≤ i ≤ n. Since CP2i ∩W is a curve in CP
2
i with degree 2, we have CP
2
i ∩W = CP
1
i . Since
any two distinct copies of CP2 in CP3 with degree 1 have exactly 2 intersection points with
W if the projective subspace generated by the projective duals of the two distinct copies
of CP2 in CP3 is not contained in W , for each CP2i ∩W , there are 2(n − 1) intersection
points with other CP2j ∩W (i 6= j).
Consider the moduli space M′′n of n distinct copies of CP
1 in CP1 × CP1 which are the
intersections of n distinct copies of CP2 in CP3 with degree 1 with W . Assume that the
projective subspace generated by the projective duals of any two among the n distinct
copies of CP2 in CP3 is not contained inW . For each 1 ≤ i ≤ n, there is a continuous map
f ′′n,i fromM
′′
n to the configuration space C(0, 2(n−1)) of 2(n−1) points on CP
2
i ∩W = CP
1
i .
These continuous maps induce homomorphisms d′′n,i from pi1(M
′′
n) to pi1(C(0, 2(n − 1))).
Since there is a homomorphism from pi1(C(0, 2(n − 1))) to PB2(n−1)(S2), by Proposition
2.2, Theorem 2.6 and Remark 2.8, we have the following theorem:
Theorem 8.2. There is a sequence of homomorphisms:
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pi1(M
′′
n) pi1(C(0, 2(n − 1))) PB2(n−1)(S
2)
G32(n−1),
Γ42(n−1).
d′′n,i
φ2(n−1)
ξ2(n−1)
Here 1 ≤ i ≤ n.
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